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An app rox ima te  solut ion is p r o p o s e d  fo r  the p rob l em of de t e rmin ing  the f r ic t ion  at a p e r m e -  
able plate.  E x p r e s s i o n s  a r e  given for  the tangent ia l  s t r e s s e s  with continuous uni form i n j e c -  
tion through a t r a n s v e r s e  s lot .  

The inf luence of inject ion (evacuation) on su r f ace  f r i c t ion  in l a m i n a r  flow pas t  a plate  has been i n v e s -  
t iga ted  by m a n y  au thors  [1-3] with the aid of in tegra l  r e l a t ionsh ips  o r  n u m e r i c a l  me thods .  

H e r e  we p r o p o s e  a s imp le  approx ima te  re la t ionsh ip  in t e r m s  of h y p e r g e o m e t r i e  funct ions .  

When # ~ T,  a c o m p r e s s i b l e  l a m i n a r  boundary  l a y e r  is d e s c r i b e d  in u, ~ va r i ab le s  by the equation 

Z2 O~Z _ u OZ voOu*/O~* u* ~* 
Ou ~ L O~'  where Z- -  ] /%u~ , u = - - , u ~  ~ = - - ' L  (1) 

The b o u n d a r y  condi t ions  a re  OZ/Ou =V~0(~)/v~0u ~ for  u = 0 ,  Z = 0 f o r  u = 1 ,  Z = ~ for  ~ = 0 .  

We r e p r e s e n t  the d e s i r e d  solut ion in the fo rm Z = Z b + Z1, where  Z b = f , / , / ~  is the Blasius  solut ion 
for  an impene t r ab l e  pla te ;  Z 1 is the solut ion that depends on in ject ion.  

In the l inea r  approx ima t ion  (Z 1 smal l ) ,  the p rob l em r educes  to de t e rmina t ion  of Z~ f rom the equation 

#" O~Zl  uZ1= u~ OZl 
Ou 2 " 0 ~  (2 )  

It is a f a i r ly  complex  m a t t e r  to find an exact  solut ion of (2). We can find an approx ima te  solut ion,  however ,  
r e p l a m n g  f" by a ce r t a in  app rox ima t ing  funct ion 

f" ~ 0.332 r 1 - - u  3. (3) 

Then making  the subs t i tu t ion  of va r i ab le s  t = u a, we can wr i te  Eq. (2) as 

OZ1 t O _ t  ) O~Z, 2 ( l - - t )  OZ1 Zt = ~ (4) 
+ ~ at at 

Solving by s e p a r a t i o n  of v a r i a b l e s ,  we obtain a s y s t e m  

2 0 _ t )  Q, t (1--  t)Q"(t) q- - ~  (t) - - (n  -p, 1)Q(l) = 0, (5) 

o' (D  n 
- -  ( 6 )  

~(~) 

The solut ion of (6) is G(~) = ~n (n = 0, 1, 2 . . . .  ). The h y p e r g e o m e t r i c  equation (5) has the solut ion [4] 

Q -= AQ~ (t) + BQ2 (t). (7) 

Here  

Q1 F ( a , ~ , Y ; t ) = F [  - 1 + - i 1 3 6 ( n + 1 ) - I  - - 1 - - i ] / r 3 6 ( n q "  1)- -1  2 ] 
= 6 ' 6 , ~ - ;  t , 

Qz=tI-VF(al ,  ~ ,  y~; l ) = t l - V F ( 1 - - y + a ,  1--37+[3, 2 - - y ;  t). 
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F i g .  1. C o m p a r i s o n  of t angen t i a l  s t r e s s e s  f o r  
u n i f o r m  e v a c u a t i o n :  1) Lew and F a n u c e i ;  2) r e -  
s u l t s  of the p r e s e n t  s tudy .  

6 

For uniform injection, for example (V~ = const) 

A s s u m i n g  that  the so lu t ion  Z t is  r e g u l a r  in ~ for  u = O, 
we f ind  a so lu t i on  to (4): 

As a c o n s e q u e n c e  

Zl = 2 (A,~Q,~ + B~Q~,,) ~'L (8) 
n = 0  

If V~(~) is an analytic function, it is easy ~o determine 
B n by expanding the function (9 Zt/OU)u= o into power 
series  equating the coefficients on identical powers of 
4. The coefficients A n are found from the conditions 
on the outer boundary: 

A . -  Q2~ (1) B~ 
Q~(1) 

= _  r (Y0 r (v~ - -  a~ - i~,) r (V - -  ~) r (V - -  6) B~. 

r (v l  - -  ~,) P (v~ - 13~) r (v - -  ~ - 13) r (y) 

Vo (~) 
B o =  - -  , B 1 = 0 ,  B~  = 0 . . . .  ; A o = - - 0 , 6 4 0  B o. 

V U0U~ 

v~ 
- -  (Q2O - -  0.640 Q~o). 

Going over to the variables x*, y*, we find the tangential s t ress  on the plate when {u = 0), 

/ v0u~ . 
~o = 0.332 Pc x-- ~ -  - -  0.640 pou| 

C o m p a r i s o n  with the e x a c t  s o l u t i o n  [2] shows  that  up to a = 2 we have  good a g r e e m e n t  ( see  F i g .  1). When 
the gas  is i n j e c t e d  th rough  a t r a n s v e r s e  s l o t  l o c a t e d  a d i s t a n c e  L f r o m  the f ron t  of the p l a t e ,  if we le t  
= in { in (4), a so lu t ion  can be ob t a ined  by  the o p e r a t i o n a l  m e t h o d .  In r e p r e s e n t a t i o n  s p a c e ,  we ob ta in  Eq. 
(5), w h e r e  n m u s t  be r e p l a c e d  by  the o p e r a t o r  p. The  c o e f f i c i e n t s  A and B a r e  found f rom the a p p r o p r i a t e  
boundary conditions. It is very difficult to find the original. It is easy to find the solution Zi(0 , X) for the 
tangential s t ress  at the plate itself (u = 0). In fact, the function 

z ,  (0, 73 -<--  Q (0, ~) = A - F (~,) r (~,  - -  ~,  - -  6,) r (v - -  ~) r (~ - -  [~) B 
r (y) r (y,  - ~ )  r ( ~  - I~1) r (y - -  ~ - -  fl) 

----_ F(~Oa(tF2(a)F2((3)sinnctsinn(3 Vo 1 [l__exp(__pXL) ] 

~ - F  (V) Vvou~ p 

is  m e r o m o r p h i c  with s i m p l e  po le s  ~ = - n  o r ,  what  is  the s a m e  thing,  Pn = - ( n - 1 / 6 ) 2 - 3 5 / 3 6  (c~ = 0 is  not  a 
po le ) .  

E m p l o y i n g  the s e c o n d  H e a v i s i d e  t h e o r e m ,  we d e t e r m i n e  Zl(0 , ~) and then,  going o v e r  to the v a r i a b l e s  
x*,  y* ,  the t a n g e n t i a l  s t r e s s  

IS %u~ . ' I '~ =0 .332  Po ~ x~ -- 0"65945 ~--~ V~ ~ [ I n -- --~ ) 2 -- ~--~ ( n-- ~ ) l F2 ( n -- --3- I T; 

- -  ( ~__)2 35 (9) 
n -  + 3-6 

The s e r i e s  in (9) c o n v e r g e s  when x*> L; when x*> 2L,  the f i r s t  two t e r m s  wi l l  be c o n t r o l l i n g .  It is  not 
d i f f i cu l t  to g e n e r a l i z e  the r e s u l t  to the c a s e  of s e v e r a l  s l o t s .  
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x*, y* 
~*, ~* 

U.*, V* 
f(~) 
o" = (v~/U)~(2Ux*T~/Cv~T*) 
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NOTATION 

are the transverse and longitudinal coordinates; 
are the Dorodnitsyn variables; 
are the tangential and Dorodnitsyn-"distorted" normal velocity components; 
is the Blasius function; 
is the injection parameter in Lew and Fanucci notation [2]; 
is a Laplace operator; 
is the width of the slot; 

standard notation is used for the remaining quantities. 

S u b s  c r i p t s  

0 a re  the conditions at the wall; 
a re  the conditions in the undis turbed flow; 

* a re  d imensioned quanti t ies .  

i~ 

2. 
3. 
4. 
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